Abstract-High-accuracy absolute proper motions, radial velocities, and distances have now been measured for a number of dwarf-galaxy companions of the Milky Way, making it possible to study their 3D dynamics. Galactic orbits for 11 such galaxies (Fornax, Sagittarius, Ursa Minor, LMC, SMC, Sculptor, Sextans, Carina, Draco, Leo I, Leo II) have been derived using two previously refined models for the Galactic potential with the Navarro-Frenk-White and Allen-Santillán expressions for the potential of the dark-matter halo, and two different masses for the Galaxy within 200 kpc-0.75 × 10 12 M ⊙ and 1.45 × 10 12 M ⊙ . The character of the orbits of most of these galaxies indicates that they are tightly gravitationally bound to the Milky Way, even with the lower-mass model for the gravitational potential. One exception is the most distant galaxy in the list, Leo I, whose orbit demonstrates that it is only weakly gravitationally bound, even using the higher-mass model of the gravitational potential.
the dwarf galaxy Leo II is gravitationally bound to the Milky Way was considered in [9] ; the frequency of mutual collisions of the companion galaxies was estimated in [6] ; and the most probable mass of the Galaxy within a sphere 200 kpc in radius was estimated to be M 200 = 1.1 × 10 12 M ⊙ [8] . The absolute proper motions of several dwarf companions of the Milky Way were measured using the Hubble Space Telescope (HST). These data, together with ground-based observations, are collected in [10] . Analyzing these data is of considerable interest for studying the dynamics of the Local Group of galaxies [11] .
In [12] , we re-determined parameters of the three most popular three-component (bulge, halo, disk) axially symmetric models for the Galaxy's gravitational potential, which differ in the type of expression used for the dark-matter halo, namely, the expressions of Allen and Santillán (I) [13] , Wilkinson and Evans (II) [14] , and Navarro, Frenk, and White (III) [15] . In all these models, the bulge and disk are described using expressions from Miyamoto and Nagai [16] . We used various modern observations over a wide range of Galactocentric distances R between 0 and 200 kpc. For distances of about 20 kpc, we used radial velocities of hydrogen clouds at tangential points and data on 130 masers with measured trigonometric parallaxes; at larger distances, we used averaged rotation velocities for a variety of objects (carbon stars, giants, globular clusters, and dwarf galaxies) from the survey [17] . We fitted the observed velocities with model rotation curves taking into account limits for the local density of matter and the vertical force. It is important to note that the models we obtained correspond to different total masses for the Galaxy. The Galaxy's mass within 200 kpc is highest for Model I, M G (R ≤ 200 kpc) = (1.45 ± 0.30) × 10 12 M ⊙ , and lowest for Model II, M G (R ≤ 200 kpc) = (0.61 ± 0.12) × 10 12 M ⊙ . Model III can be considered the best of the models considered, as it provides the lowest residuals between the data and the model rotation curve. The Galaxy's mass in Model III M G (R ≤ 200 kpc) = (0.75 ± 0.19) × 10 12 M ⊙ . Since the positions and velocities of the listed dwarf companion galaxies are continuously being refined, it is of considerable interest to analyze their 3D dynamics using the refined Galactic potential in order to establish the extent to which the companion galaxies are bound to our Galaxy. This is the subject of the present study.
DATA
The most important source of data for our study is [10] , in which mean proper motions are derived for 11 galactic companions of the Milky Way. For each of these galaxies, from one to four independent measurements of absolute proper motions were used, at least one derived from HST observations. The galaxies' coordinates, distances, and radial velocities from [1] were used in [10] .
Our list contains 11 dwarf-galaxy companions of the Milky Way: Fornax, Sagittarius, Ursa Minor, LMC, SMC, Sculptor, Sextans, Carina, Draco, Leo I, Leo II. The data for seven of these galaxies were taken directly from [10] and [1] .
We derived new mean absolute proper motions for Draco, using two independent determinations of the absolute proper motions for this galaxy. The first resulted from the reduction of HST observations: µ α cos δ = 0.177 ± 0.063 milliarcsec/year (mas/year) and µ δ = −0.221 ± 0.063 mas/year [18] . The second measurement is based on ground-based observations with the Subaru telescope: µ α cos δ = −0.284±0.047 mas/year and µ δ = −0.289±0.014 mas/year [19] . The mean of these two measurements is µ α cos δ = −0.054 ± 0.055 mas/year and µ δ = −0.255 ± 0.042 mas/year. We adopted the heliocentric distance d = 82.4 ± 5.8 kpc from the estimate [20] , based on an analysis of 270 RR Lyrae variables, and the heliocentric radial velocity V r = −293.3 ± 1.0 km/s [21] . We used the new mean proper motions for the Magellanic Clouds (LMC and SMC) from [22] . These are based on observations with the HST [23] and an analysis of stellar proper motions from the Gaia DR1 catalog [24, 25] .
Two sets of measurements are available for the dwarf galaxy Leo II, which we decided not to average. The absolute proper motions of this galaxy were obtained in [9] using HST data with an epoch difference of about 14 years: µ α cos δ = 0.104 ± 0.113 mas/year and µ δ = −0.033 ± 0.151 mas/year. When computing these values, measurements of 3224 stars and 17 galaxies were used to derive the absolute motions. We took the coordinates, radial velocity V r = 78.0 ± 0.1 km/s, and distance d = 233 ± 14 kpc from [1] . We will refer to this data set as Leo II (a).
The absolute proper motions of Leo II were also measured in [26] from HST data with an epoch difference of about 2 years: µ α cos δ = −0.069 ± 0.037 mas/year and µ δ = −0.087 ± 0.039 mas/year. The reduction to absolute proper motions was based on measurements of more than 100 background galaxies and two quasars. Piatek et al. [26] used the radial velocity V r = 79.1 ± 0.6 km/s [27] and distance d = 233 ± 15 kpc [28] for Leo II. They suggested that they had achieved higher accuracy in their study by averaging six independent measurements. We will refer to this data set as Leo II (b). These two data sets have considerably different proper motions and random errors, leading to our decision to consider both.
The basic parameters of the 11 dwarf galaxies are collected in Table 1 , whose columns contain each galaxy's (1) name, (2)-(3) Galactic coordinates l and b, (4)- (5) proper motions µ α cos δ and µ δ , (6) heliocentric radial velocity V r , and (7) heliocentric distance d. 
Model for the Galactic Potential
The axially symmetric gravitational potential of the Galaxy was represented as the sum of three components -the central, spherical bulge Φ b (r(R, Z)), the disk Φ d (r(R, Z)), and the massive, spherical dark-matter halo Φ h (r(R, Z)):
Here, we used a cylindrical coordinate system (R, ψ, Z) with its origin at the Galactic center. In Cartesian coordinates (X, Y, Z) with their origin at the Galactic center, the distance to a star (the spherical radius) is
where the X axis is directed from the Sun toward the Galactic center, the Y axis is perpendicular to the X axis and points in the direction of the Galactic rotation, and the Z axis is perpendicular to the Galactic (XY ) plane and points in the direction of the North Galactic pole. The gravitational potential is expressed in units of 100 km 2 s −2 , distances in kpc, masses in units of the mass of the Galaxy, M gal = 2.325 × 10 7 M ⊙ , and the gravitational constant is taken to be G = 1. We expressed the potentials of the bulge, Φ b (r(R, Z)), and disk, Φ d (r(R, Z)), in the form suggested by Miyamoto and Nagai [16] :
where M b , M d are the masses of these components, and b b , a d , b d are the scale parameters of the components in kpc. For the halo component, we used the expression presented in [15] :
The right column of Table 2 presents the model parameters of the Galactic potential (2)-(4) computed in [12] using the rotation velocities of Galactic objects at distances R within ∼ 200 kpc. Note that the corresponding Galactic rotation curve was derived using the local parameters R ⊙ = 8.3 kpc and V ⊙ = 244 km/s. The model (2)- (4) is called Model III in [12] . In our present study, Model III is our main model, and is regarded to be optimal from the point of view of its fit to the observations. Because of this, we computed almost all the dwarf-galaxy orbits using this particular model. In the model, the total mass of the Galaxy within a sphere of radius 200 kpc is M 200 = (0.75 ± 0. 19 12 M ⊙ . In this model, the potential of the dark matter halo is expressed [29] as:
where M h is the mass and ah a scaling parameter, the distance from the Galactic center is taken to be Λ = 200 kpc, and the dimensionless coefficient is γ = 2.0. The parameters of this model are also given in Table 2 . With Eqs. (2)- (3) taken into account, we have a modification of the model of Allen and Santillán [13] . We applied this model to analyze the orbits of the Large Magellanic Cloud (LMC) and the most distant dwarf galaxy in our list, Leo I. 6
Construction of the Orbits
The equation of motion of a test particle in an axially symmetric gravitational potential can be obtained from the Lagrangian of the system £ (see Appendix A in [29] ):
Introducing the canonical moments
we obtain the Lagrangian equations in the form of a system of six first-order differential equations:
We integrated Eqs. (8) using a fourth-order Runge-Kutta algorithm.
The Sun's peculiar velocity with respect to the Local Standard of Rest was taken to be (u ⊙ , v ⊙ , w ⊙ ) = (11.1, 12.2, 7.3) ± (0.7, 0.5, 0.4) km/s [30] . Here, we used the heliocentric velocities in a moving Cartesian coordinate system with u directed towards the Galactic center, v in the direction of the Galactic rotation, and w perpendicular to the Galactic plane and directed towards the north Galactic pole.
Let us denote the initial positions and proper motions of a test particle in the Galactocentric coordinate system as (
The initial positions and velocities of a test particle in the Cartesian Galactic coordinate system are then given by the formulas:
where R 0 and V 0 are the Galactocentric distance and the linear velocity of the Local Standard of Rest around the Galactic center, and tan tan ψ o = Y /X.
The initial space velocities U, V, W and the velocities Π and Θ along the R and ψ cylindrical coordinates are collected in Table 3 . Table 4 presents the perigalactic, a min , and apogalactic, a max , distances and eccentricities e of the derived orbits of the dwarf companion galaxies.
RESULTS AND DISCUSSION
The Galactic orbits of all 11 dwarf galaxies are displayed in Figs. 1-4 . We show two projections for each of the galaxies, onto the XY and RZ planes. We see from the upper part of Table 4 that the motion of eight of the galaxies (Fornax, Sagittarius, Ursa Minor, Sculptor, Sextans, Draco, Carina, and SMC) demonstrates that they are gravitationally bound to the Milky Way. In particular, this is indicated by the comparatively low eccentricities of their orbits (e < 0.8). This conclusion is based on an analysis of the galactic orbits computed using the gravitation potential with a comparatively low total mass, M 200 = (0.75 ± 0.19) × 10 12 M ⊙ . The upper part of Table 4 and Fig. 4 also show that the LMC, Leo I, and Leo II (a) have highly elongated orbits with eccentricities e > 0.8. In such cases, a potential with a higher mass for the Galaxy is usually applied (e.g., [4] ), especially since estimates of the Galaxy's total mass lie in a fairly wide range:
. Some orbital characteristics of the Milky Way's companion galaxies were estimated in [5] using a model for the gravitation potential with a total mass of the Galaxy M 200 = 1.1 × 10 12 M ⊙ . As in our study, high eccentricities, e > 0.8, were obtained for the LMC, Leo I, and Leo II (a); see Fig. 8 in [5] . On the other hand, the orbit derived for Leo II (b) with the new proper motions has a low eccentricity, e = 0.23. The orbit of this galaxy derived using Model III is shown in Fig. 5 .
The lower part of Table 4 presents the results obtained by applying Model I to the LMC and Leo I. Here, the total mass of the Galaxy is M 200 = (1.45±0.30)×10
12 M ⊙ . This yielded a much less elongated orbit for the LMC. However, although the orbit of Leo I became smaller, it is still very elongated. Of course, it is possible to address this problem in the opposite sense, and determine the mass of the Galaxy for which Leo I would be gravitationally bound to the Milky Way. A fairly high mass for the Galaxy was obtained in [4] when considering a similar problem: M = 2.4 × 10 12 M ⊙ for the sample with Leo I, or M = 1.7 × 10 12 M ⊙ without Leo I.
Leo I has a very high radial velocity, indicating that it is only weakly bound to the Galaxy. It is interesting that the orbital characteristics for the LMC and Leo II (a) computed into the future are virtually the same as those for the orbits computed into the past. However, applying Model I to Leo I yields the orbital parameters a min = 261 kpc, a max = 1082 kpc, and e = 0.61. This leads us to expect that more accurate measurements for Leo I could significantly influence the character of its orbit, as occurred for Leo II.
The orbital parameters for all the dwarf-galaxy companions of the Milky Way we have analyzed, obtained taking into account the uncertainties in the input data and in the parameters of the Galaxy's gravitation potential, are presented in Table 5 . As an example of two typical cases of how the uncertainties influence the orbits, Fig. 6 shows the distances to Draco and Leo II (b) and their confidence areas corresponding to the ±1σ level of uncertainties in the distances.
To determine the mean parameters and their rms deviations, we carried out statistical Monte Carlo simulations using 100 independent realizations of the random errors for each object, described by a normal law with zero mean and specified rms deviation. The results (Table 5) can be used to judge the extent to which a companion is gravitationally bound to the Galaxy, taking into account the measurement uncertainties. For example, the random errors have brought about a shift of the mean orbital eccentricity towards higher values relative to the nominal value for several of the galaxies (compare Tables 4 and 5) ; this is especially clear for Sextans. For most of the galaxies (Fornax, Sagittarius, Ursa Minor, Sculptor, Draco, Carina, the SMC), the character of their orbits testifies that they are tightly gravitationally bound to the Galaxy, even in the case of a comparatively small total mass for the Galaxy, M 200 = 0.75×10 12 M ⊙ , corresponding to the modified model for the gravitational
